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Abstract 

We show that the pure spinor formalism proposed by Berkovits to covariantly quantize 
superstrings is a gauge fixed, twisted version of the complexified n = 2 superembedding 
formulation of the superstring. This provides the Berkovits approach with a geomet- 
rical superdiffeomorphism invariant ground. As a consequence, the absence of the 
worldsheet (super)diffeomorphism ghosts in the pure spinor quantization prescription 
and the nature of the Berkovits BRST charge and antighost are clarified. Since su- 
perembedding is classically equivalent to the Green-Schwarz formulation, we thus also 
relate the latter to the pure spinor construction. 



1 Introduction 



The superembedding is a geometrical description of the dynamics of superbranes by means 
of a specific embedding of worldvolume supersurfaces into target superspaces. It has proved 
to be a powerful method for studying various aspects of superbranes at the classical level (see 
[0j for a review). For instance, the superembedding description has explained the geometrical 
nature of the ^-symmetry of the Green-Schwarz formulation |2|], which turns out to be a 
conventional extended local supersymmetry of the embedded superworldvolume (as was first 
proved for superparticles in Q], for superstrings in |J-[jnj and then for all the other su- 
perbranes [O, [T2], |TB|). An original purpose of the superembedding approach has been to use 



the worldvolume supersymmetry nature of the ^-symmetry for making progress in solving a 
long-standing problem of the covariant quantization of the Green-Schwarz superstrings, the 
problem being just caused by the ^-symmetry of the latter. To this end doubly (worldsheet 
+ target space) supersymmetric actions for superstrings were constructed in which the whole 
or part of the ^-symmetry was traded for a manifest irreducible worldsheet supersymmetry^] 
In this way the superembedding encompasses properties of both the Green-Schwarz and the 
Neveu-Schwarz-Ramond description of the superstring. In the superembedding formulation 
the spinor coordinates 9— (£) of superstrings (and in general of the superbranes) have world- 
volume superpartners, auxiliary commuting spinor variables A— (£) which have the properties 
of twistors. This is why initially such formulations were called 'twistor— like'. In a formula- 
tion of the theory in terms of n = 2 worldsheet superfields the conjugate spinors A— (£) and 
A— (£) are complex and satisfy the pure spinor condition^ Ar— A = = Ar— A (which is a part 
of the superembedding condition) |6|, RL [T7|], and #-(£) also has a fermionic superpartner, an 



auxiliary field a—. Pure spinors have been considered as auxiliary fields in flTa] . Later on, 
Howe derived superspace constraints in D = 10 SYM and D = 10, 11 supergravity theories 
as integrability conditions along pure spinor lines . 



The problem of the covariant quantization of the superstring using the 'twistor-like' 
formulation, and in particular most suitable n = 2 supersymmetric pure spinor models, has 
been mainly assaulted by Berkovits ||2U||.p| Having started from superembedding techniques 
in H , he has recently arrived at a pure spinor method of covariant quantization p|, |25|, E6| . 



The pure spinor formalism has been also applied to superparticles, to a supermembrane \ 17\ 



and to open superstrings In this long way a link with the original superembedding 



formulation has been lost somewhere. 

In this paper we find and restore this link. Since the superembedding formulation 
is classically equivalent to the Green-Schwarz formulation we therefore also find a relation 



^dn earlier versions of doubly supersymmetric extended objects fllij the /t-symmetry remained an inde- 
pendent symmetry, and these models contained more degrees of freedom than conventional ones. 
2 Pure spinors were introduced by Cartan |l5f| and more recently have been considered also in pq| . 
3 Related, though rather cumbersome, methods used Lorentz harmonics to insure covariance pl| , p2| , p3| . 
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between the reparametrization invariant and ^-symmetric Green-Schwarz superstring action 
and the action of Berkovits, thus completing results earlier obtained in |29j. We do this with 
the example of the heterotic string. Substantially the Berkovits action is a complexified 
superembedding formulation gauge-fixed in a conventional BRST manner. 

A key point in establishing the relation with the Berkovits method is to complexify 
the model. Note that this step does not double the physical degrees of freedom since the 
complex conjugate fields never appear in the action of the model. The complexification is 
useful for two reasons, it allows one to treat A and A as independent fields and to perform 
the twisting of an n = (0,2) superconformal system [30] associated with the superstring 
model. Namely, upon complexification, solving a part of the superembedding condition and 
gauge fixing the ^-symmetries involving A and a, one can express them in terms of other 
fields of the model thus removing A and a as independent fields from the action. In this 
stage the model is still invariant under K-symmetries acting on 9 and A as well as under the 
n = (0,2) superdiffeomorphisms whose gauge fixing gives rise to an associated n = (0,2) 
superconformal system. 

Twisting the n = (0, 2) superconformal system has two important consequences. Firstly, 
it shifts the conformal weights of the fields with a non vanishing U(l) R — charge and makes 
the superconformal algebra of currents anomaly free (i.e. its central charge vanishes). In 
particular, the central charge of the system of superdiffeomorphism ghosts, which originally 
is —6, vanishes after the twist. This shall allow us to drop from the action the superdiffeo- 
morphism ghost system which eventually would arise upon gauge fixing the superdiffeomor- 
phisms. Finally, the remaining ^-symmetries are gauge fixed by a standard BRST recipe, 
i.e. by adding to the action the BRST variation of a suitable 'gauge fermion' and using 
as a BRST charge the twisted superconformal charge with positive ghost number (positive 
R — charge before the twist), as the twisting procedure prescribes. In this way one recovers 
the Berkovits action with a simple BRST charge of the form Qb = § A— da, where da is a 
fermionic constraint that acts as a covariant spinor derivative on target space superfields. 
The co ho mo logy of Qb has been proven to give the correct superstring spectrum [p6fl . Fur- 
thermore, the twisted superconformal current with a negative ghost number reproduces a 
correct composite 'fr'-field of the Berkovits approach. We thus show that the Berkovits pure 
spinor formulation is a gauge fixed and twisted version of the (complexified) superstring in the 
superembedding approach. This provides the Berkovits method with a geometrical superdif- 
feomorphism invariant ground and explains both the absence of the (super) diffeomorphism 
ghosts in the pure spinor quantization prescription and the nature of its BRST charge and 
antighost. 

The paper is organized as follows. In Section 2 and 3 we introduce the action for the 
D = 10 heterotic string in the superembedding formulation in terms of n = (0, 2) worldsheet 
superfields || [17]], analyze its local symmetries (which include the n = (0,2) superdiffeo- 



morphisms and six /^-symmetries) and demonstrate how it is related to the Green-Schwarz 
action. Section 4 is devoted to a detailed analysis of the n = 2 superconformal structure 
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of the action. In Section 5 we consider the procedure that leads from the superembedding 
model to the pure spinor effective action by means of the complexification, the gauge fixing 
of the local symmetries and the twisting of the n = 2 superconformal theory In Section 6 we 
generalize the construction to the case of a supergravity and super- Yang-Mills background. 
Finally, in Section 7 we present conclusions and suggestions for further study. 

2 The n = (0, 2) superembedding formulation of the het- 
erotic string 

Let us start by assuming that the worldsheet of the heterotic string be an n = (0, 2) su- 
persurface parametrized by two bosonic (light-cone) coordinates £ ++ , £ and two complex 
conjugate fermionic coordinates , ff collectively defined as z M = (£ ++ , £ , rj~, fj~). Here 
each + and — corresponds to the d = 2 Lorentz group weight — | and +| respectively. These 
become right- and left-sector conformal weights upon gauge fixing the worldsheet superdif- 

feomorphisms (we shall call them 'conformal weights'). Note that ' ' and '++' are the 

d = 2 light-cone vector indices and ' — ,+' are the Majorana spinor indices). The world- 
sheet supersurface is embedded into an N — 1, D — 10 target superspace parametrized by 
ten bosonic coordinates x— and by sixteen Majorana-Weyl fermionic coordinates 9^ collec- 
tively defined as Z—, where M_ = (iZL, m) -Q ^ ne hriage of the superworldsheet in the target 
superspace is described by the n = (0,2) superfields 

X rn {z) = + r ^ {i) + + irj-f}-^) , (2.1) 

ea(z) = 6^(0 + »ta£(0 + r + iv-fj-^-(0 , (2-2) 

whose leading components are the target superspace coordinates of the heterotic string. 
For the model to have the correct number of physical degrees of freedom, i.e. that of the 
heterotic string, the higher components of ( j2.ip and Q2.2p should be auxiliary worldsheet 
fields. Therefore the superfields ( |2.ip and ( |2.2| ) should be constrained in a proper way. The 
constraint is the superembedding condition 

E-(Z^(z)) = = E-(Z K (z)) , (2.3) 

where Ez. and Ez are spinor components of the pullback onto the superworldsheet of the 
vector component of the target space supervielbein one form 

E— = e A (z)Ej(Z(z)) = e ++ E^ + + e~ E*_ + e~ E A + e^^r, (2.4) 

4 Underlined and non underlined letters denote respectively target superspace and worldsheet superspace 
indices. Letters from the beginning and from the middle of the alphabet denote tangent superspace and 
supermanifold indices respectively. Of course, in flat superspace, curved and spinor indices may be identified. 
Also note that in our notation the complex conjugate of the product of two fermions is (1P11P2)* = V'i'02- 
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e (z) being a worldsheet supervielbein one form and A = (a, a). For consistency the su- 
pervielbeins should satisfy worldsheet and target space supergravity constraints (see and 
references therein for details). 

In flat target superspace the superembedding condition on the pullback of the superin- 
variant form 

= dX^ - ^dQT^S = e ++ Uf + + e— IlrL + e~n™ + e _ fl? , (2.5) 
where d = e A Da is the worldsheet superspace differential, reduces to 

u- = £>_x^ - -D_er^e = o, n? = 5_x^- -D_er^e = o, (2.6) 

2 2 
whose integrability requires the twistor-like constraint 

rirL = -ZLer^D.e , (2.7) 

and the pure spinor condition for the superfields D_Q and D_Q, that is 

D_er^D_e = 0, D_er m i}_e = . (2.8) 

The worldsheet supercovariant derivatives act as follows on a superfield $(+ p '~ y )(z) of con- 
formal weights (+p, —q) (being, by definition, the weights of its leading component) 

\<9?7~ y \drj J 

£)__$(+*>--?) = + ella++ + p d ++ el±) $(+p "«) , J D ++ $( +p --^ = 9 ++ $ (+p '-' ?) , (2.9) 

e --(0 being a Beltrami parameter (i.e. the only nontrivial component of the worldsheet 
supervielbein (|2.4j) ). 

The superembedding condition (|2.6| ) leads to the following relations between the com- 
ponents of the superfields ( |2.1|) and ( |2.2| )p| 

x in _ }_ eT rn x _ = ^ -m. _ I^ZH^ = Q , - ~<J__T^ = , (2.10) 

A_r^A_ = 0, A_I^A_ = , (2.11) 

n-_|^ =0 - ^A_r^A_ = - -d^er^e - ^A_r^A_ = o, (2.12) 

5 Analogous relations also hold in the curved supergravity background for the components of the target 
space supervielbein pullbacks. 
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(0__0 + i<7__)r 2a A- 



)r^A_ = o . 



(2.13) 



Eqs. ( p.l0| )-( p.l3| ), together with the local symmetries of the model, will allow us to express 
the higher components of the superfields (|2.1| ) and fl2.2| ) in terms of x— and 9- and their 
derivatives. Note that eq. ( |2.11| ) is the pure spinor condition for Az and Az, while the 
twistor-like condition ( |2.12| ) implies one of the Virasoro constraints, namely 



n-ziL 



o 



(2.14) 



The fact that the supermebedding condition does not produce dynamical equations of motion 
for x— and 9— allows one to construct the n = (0, 2) worldsheet superfield action for the 
heterotic string || in an N = 1, D = 10 supergravity background 



l SE 



d 2 ^dr/_dr]. 



P- +C± E^ + p- + ^E a - + -¥ + & + 



+ \ / <1'X d,j_ + ,1Fj_ 



In this action the superfields 



(2.15) 



PI 



P ++ a + V a++a + V r ++ a + iV V P-++a, 
P++a + V~a ++ a + 7]-f ++ a + i^TP-++a , 



(2.16) 



are complex conjugate Lagrange multipliers whose variation produces the superembedding 
condition ( j2.3| ) and, as a consequence, the Virasoro constraint ( |2.14 ). The second Virasoro 
constraint is obtained by varying the action with respect to the Beltrami parameter el!(£) 
( |2.9|) . ^ x + {z) and ^fL(z) (I = 1, - - - , 16) are heterotic fermion (anti)chiral superfields (i.e. 

= = D^ 1 ^), and B ++ ^, B++- are complex conjugate spin-vector components 
of the pullback onto the superworldsheet of the NS-NS two-form potential B^. It can be 
shown that modulo the superembedding condition and the N = 1, D — 10 supergravity 
constraints, the superfields B ++ - and B++- are chiral and antichiral respectively. For 
instance, in flat target superspace 



s (2) = dx^ der m e = if* der m e 



(2.17) 



and 



(2.18) 



J D_ J B ++i _ = D ++ (n™D_er m e) - 2D_n-D ++ er M e - 211™ D ++ er m D„o 

which vanishes when (12.61) is satisfied. 



(2.19) 
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By construction the target superspace covariant action ( |2.15|) is invariant under world- 
sheet superdiffeomorphisms, even if it does not contain the worldsheet supervielbeins (apart 
from the Beltrami parameter el!(£)), provided that the superbackground satisfies the N = 1, 
D — 10 supergravity constraints. Furthermore, the Lagrange multipliers P+ +a , P++ a m ust 
vary in a proper way to cancel the terms, proportional to the superembedding condition, 
coming from the variation of -£?++,_ and B ++ _. 

The superdiffeomorphism variations of the target superspace coordinates Z—(z) are 

SZ K = D„C~-D-Z K + D-C~D-Z K + 2 C~~£L_Z M + 2c ++ D ++ Z K , (2.20) 
where c ++ (£) is a parameter of the left-sector bosonic reparametrizations and 

C-(z) = c— (0 + V~T(0 + fj--r(0 + mT*T«(0 , (2-21) 

is an unconstrained superfield parameter of the right-sector superdiffeomorphisms. In what 
follows we shall denote the BRST ghosts associated with the superdiffeomorphisms ( |2.20| ) 
with the same letters as in (|2.21|) , and denote the corresponding antighosts by 

B-(z) = n__(0 + V-P (0 + TP (0 + iV'V'b- (0 • (2-22) 

The odd components of the superdiffeomorphisms ( |2.20|) replace two independent re- 
symmetry transformations of the Green-Schwarz formulation. The remaining six non- 
manifest re-symmetries of the D = 10 heterotic string action (|2.15|) are realized as follows 

bZ^E% = E^E„(TaK—)^-2E-E_K—-2E-E_K—, SZ^E% = ,(2.23) 

where, among the sixteen fermionic superfield parameters K~~(z) only six are independent. 
The action ( |2.15| ) is also invariant under the following local transformations of the Lagrange 
multipliers |§ 

8P~ +& = D_E~-TaE_ , 5P- +& = D_E-~T & E_, (2.24) 

where among the complex conjugate superfield parameters E++~-(z) and H ++ ~-(z) only 
ten real are independent. The spinor supervielbein pullbacks Ez: and Ez: reduce to D_Q- 
and D_Q— in flat target superspace. 

We now proceed with analyzing the action (|2.15| ) and the superembedding condition in 
the flat superbackground and will consider its coupling to N = 1, D = 10 supergravity and 
super- Yang-Mills in Section 6. 



3 The Green— Schwarz action from superembedding 



Let us first perform the integration over the fermionic coordinates in the action ( [2.15 ). Next 



we solve for the auxiliary fields xz:, xz and irz_ by means of ( |2.10|) . Then, eliminating the 
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corresponding components of the Lagrange multipliers ( |2.16| ), using the equations of motion 
of and an d (|2.24j) , we obtain 



ISE 



jet 



+ -Uf + D^9T r _ 



1 



re_ d + + or m e 



1 



+ J* 



P ++ffi (n?_ - -A_F^A_) + r ++m A_r^A_ + f ++m A_r^A„ 



where 



1 



(3.1) 



(3.2) 



now stands for the leading components of the superfields ( |2.5|) , if) 1 = \I/ / |^ = ^ = o, ip 1 = 1^=^=0; 



while p_| 



2o++m + 2a_| 



- n 



Furthermore r 



++m) ' ++m 



, p ++m and p ++m are the 



remaining components of the Lagrange multipliers ( |2.16| ). 

If we now solve the equations of motion of A_, A_ and a , and gauge fix the local 

symmetries remaining in (|2.24j) , we can set r ++m = f ++m = p+ +m = p+ +m = and find that 



p ++1 n = e ++ (£)A_r M A_ 



(3.3) 



Here e+^(£) is a worldsheet parameter which can be regarded as the second component of 
the worldsheet vielbein, in addition to the Beltrami parameter ell(£) in ( |2.9| ). 
The superfield counterpart of eq. ( |3.3|) is 



U ++m = -£ ++ (z)D^QT m ,D-Q and c.c. , 



(3.4) 



where 8++(z) is a superfield, containing e++(£) as the leading component, which can be 
regarded as a super-Beltrami parameter associated with the n — (0, 2), d — 2 superdiffeo- 
morphisms. 

Substituting (|3.3| ) into ( p.l|) , taking into account that (A_r„jA_) 2 = because of the 
pure spinor condition, and using once again the twistor-like condition IlrL = ^X-TmX- to 
eliminate A and A from the action, we get the Green-Schwarz action for the heterotic string 
in the following form 



where 



and e r 



= (ej±, 1) (notice that det e™ = 1). 



(3.5) 
(3.6) 



Let us note that the first integral in the action ( |3.1|) coincides with the Green-Schwarz 
action ( |3.5| ) when in the latter the right-sector diffeomorphisms <5£ = c (£) are gauge 
fixed by imposing (locally) the conformal gauge e+^(£) = 0. Therefore, the superembedding 
action is basically the Green-Schwarz action gauge fixed in the right-sector plus the terms 
which ensure the superembedding condition and the full left-right (super) diffeomorphism 
invariance of the construction. We have thus demonstrated the classical equivalence of the 
superembedding and the Green-Schwarz formulation of the heterotic superstring. 



4 The n = (0, 2) superconformal structure of the su- 
perembedding action 

Let us now analyze the form of the first-class constraints generating the n = (0,2), d = 
2 superdiffeomorphisms which comprise the U(l) current of R-symmetry, two local 
supersymmetry currents G(£) and (j(£), and the energy momentum tensor T(£) associated 
with the right-sector bosonic diffeomorphisms. 6 These are conserved currents of matter 
fields. Furthermore, they are first class constraints of the model which form an n = (0,2), 
d = 2 super mult iplet that can be cast into the superfield 

J = j + G — iff G — Hvf ff T , (4-1) 

whose explicit form can be found by the standard Noether procedure. To this end one 
considers the variation of the action (|2.15|) under U(l) R-symmetry transformations of the 
Grassmann-odd coordinates Sr] = i<frq, 5fj = —icjyfj and regards D ++ as the time derivative in 
order to identify the corresponding conjugate momenta of X— and B— . Note that only the 
'Wess-Zumino' .B^-term ( |2.18| ) of the action contributes to the definition of the supercurrent 
which, up to a square of the superembedding condition, has the form 

J__ = i(D_QW- - D_QW_) + iD^X^D^Xrn - ^D^QT^QD^QTJd 

= i(D_BW^_-D_Biy_) + ^n3D_Br„B-^L T 3D-Br Hi B. (4.2) 

Here W-a ~ and ~ are complex conjugate chiral superfield constraints^ containing 
the canonical momenta of the components of 6- and B-. Namely 



d^ - iD__T« + - iA_r„A_)(r^) £ 



T) Tj D UJ- 



6 To simplify notation we have omitted to specify the conformal weights of the currents j, G, G, T, which 
are 1, 3/2, 3/2, and 2, respectively. 

7 The symbol ~ indicates that the Hamiltonian constraints are in general satisfied in a weak sense. 
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W- a = u- a + rf 



(4.3) 



where a;_ a and a;_ a are the conjugate momenta to A_ a and A_ a respectively and r a is the 
conjugate momentum to the auxiliary field cxr^ of (|2.2j ). The field 

d~« = P—a - Jn?-(Ma - ~(£>— eV^){Trne)a « , (4.4) 
2 o 

which satisfies the Poisson brackets 

{d a , t^} = -r Jn__ m , (4.5) 

is the usual Green-Schwarz supercovariant momentum. 
The component fields of J are given by 

j = J__ \n=fj=o = i(A°w_ 2 - X^uj-o) + ■ ■ ■ , (4.6) 

G = -iD_ J__ \ v=n=0 = A- (d__ a - i D To) + (ia~_ - D__^) w_ a + . . . , (4.7) 

G = iD_J__\ v=fj=0 = Az(d__ a + « J D__r a ) - (i<rz_ + Z>__0 a ) o;_ a + . . . , (4.8) 



r = -(D^D^ — D-DJ)J- 
4 V 7 



1 77=77=0 



1 a 1 

= -w_„D__A- + -D__(Aru;_ a ) - uj^aD—X- + -D__(A-^) 

+D__0ad__ a + D__r a - ^II?_ n__ ffi + . . . , (4.9) 

where '. . .' denotes terms proportional to the superembedding constraints (|2.10|) -( f2.13 ). 

In the superconformal gauge £l+(z) = 0, ei!(£) = 0, the currents (|4.6|) - (|4.9|) generate 
the right-sector n = (0, 2) super Virasoro algebra realized on the matter fields. Thus, 
in the superconformal gauge, the n = (0,2) superembedding formulation of the heterotic 
superstring is an interacting n = (0, 2), d= 2 superconformal model. Note that this model 
is still invariant under the six /t-symmetries (|2.23|) . 

In the next section we shall use these symmetries to gauge fix the superembedding 
action in such a way that it would transform into the Berkovits action. 



5 Complexified superembedding and Berkovits action 



To quantize the action ( [3.1|) one should gauge fix the worldsheet superdiffeomorphisms and 
the local ^-symmetries (|2.23|) . The gauge fixing of the local /t-symmetries in a way which 



preserves a U(A) subgroup of the Lorentz group 50(1,9), resulting in a consistent semi- 
covariant quantization of the superstring, has been performed in H. However, our present 
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goal is to recover from the superembedding the Berkovits pure spinor formulation, which 
provides one with a D = 10 super-Poincare covariant quantization. Therefore, we should 
proceed in a different way. 

The Berkovits action (see eq. ( |5.16| )) does not contain the pure spinor A. Furthermore, 



under BRST transformations the 'real' spinor 9 acquires a complex variation proportional 
to A, therefore this action is strictly speaking complex. So we shall also 'complexify' the 
superembedding model, i.e. consider the superfields ( |2.1| ) and ( |2.2| ) as complex ones. This 
procedure makes sense at the quantum level where the fields are operators and the Fock 
space has in general an indefinite metric. 

The complexification has two useful consequences. On the one hand, it allows us to 
treat A and A in an asymmetric fashion and, in particular, to use available local symmetries 
( [2.23 ) for eliminating the pure spinor A from the action ( [3.1D . On the other hand, it allows us 



to twist the n = (0,2) superconformal model which arises upon gauge fixing the worldsheet 
superdiffeomorphisms. 

Let us begin with expressing Az in terms of other fields of the model. To this end let 
us consider the U(5) subgroup of the (Wick rotated) Lorentz group SO(10), under which 
an S'O(IO) vector V- = (V r , V r ), r = 1, . . . , 5, decomposes as a 5-irrep V r and a 5-irrep 
V r = V r * of 17(5). An SO (10) (chiral) spinor 0^ = (</>°, <f> [ra] , (jf) decomposes as (1,10, 5) of 
J7(5). Let be a constant 1 x 16 c-number matrix that extracts from (fi- the U(5) singlet 
00 _ v ^(j£L_ Notice that u° satisfies the pure spinor condition (i>°r% ) = 0.0 Then one may 
define the pure spinor 

Y °: = ^ y-o-e^i, (5.i) 

and construct the projector 

p^ = i(r^yHD_er^, vv = v, (i-v)(i-v) = (l-v). (5.2) 

Since D_0 is a pure spinor, we have 

vd_q = o, 7j_er^(i - v) = . (5.3) 

Note that TrV = 5 and Tr (1 — V) = 11, hence V and 1 — V project the 16-dimensional 
spinor space onto 5- and 11-dimensional subspaces respectively. In particular, ( p^3|) reflects 
the fact that the pure spinor D_0 has 11 independent components. 

As Y~ and V contain v^, they are non-covariant, nevertheless they appear only at an 
intermediate step as a technical tool in the passage from the covariant superembedding to the 
covariant Berkovits action. In other words, though we shall fix part of the K-symmmetries 



8 It would be of interest to consider the possibility of promoting the constant to a component of a 
worldsheet harmonic matrix parametrizing a coset space ^(5^ , thus making an auxiliary harmonic field 
(for the use of harmonics in the superembedding description of superstrings see e.g. ]3l|). 
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( |2.23|) in a way which breaks SO (10) down to U(5), the complete gauge fixing of all local 
symmetries will restore the Lorentz covariance. 

Consider now the pure spinor condition for D_0 whose first component is A_ 

L>_er^D_e = o. (5.4) 

As it has been discussed, this condition implies that only eleven of the sixteen components 
of D_Q are independent. Since any superfield S— such that S = VS identically satisfies 
the pure spinor condition ST— S = 0, one can immediately see that the five components 
of D_0 'eliminated' by (5.4) belong to the projected part (1 — V)D_Q. Also, the six re- 



transformations Q2.23D acting on D_0 affect only its projected part (1 — V)D-Q, because 
V5Q = 0. Since, as we mentioned, (1 — V)D_Q has eleven independent components, five 
of which are zero due to ( |5.4j) and the remaining six transform under re-symmetry, we can 
impose the condition 

(l-V)D^Q = 0, (5.5) 



which gauge fixes the part of re-symmetry Q2.23|) acting on D_0. By (\2.7j ) this condition is 
solved as 

J D_e- = n™_(r 2i y-)^, (5.6) 

which for the components of D_G implies 

x^ = u^_(T m y-)% =fj=0 , (5.7) 

and (due to ([OP) 

(d__0 - ia__)z = 2p sl /3 d__0§. + d__( x - - 0raA_)(r a r-)a) , (5.8) 



or taking into account ( 2.10|) 



= -i[(l - 2V)D—0f- . (5.9) 



In ( |5.8|) and ( |5.9| ) V and Y stand for the leading components of the superfields ( |5.2j ) and 

/p — tt\ ^1^11 1 11 1 .,1 ,1 11 ttt ,1 1 va i a 



( |5.1| ), that below we shall denote with the same symbol. We thus expressed Az and a~_ in 
terms of Az: and (the derivatives of) 6— and x—. 

Note that the gauge fixing condition ( |5.7|) and the constraint U-g_ ~ on the momentum 
U-a, conjugate to Az, introduced in ( |4.3|) , form a canonical pair of second class constraints 
under the Poisson brackets, i.e. [Az: — Trz_(T, m Y~)-,u_ l 3] = 5j. It follows that can be 
considered to vanish in the strong sense and therefore can be dropped in the definition of 
the n = (0,2) supercurrent components (|4.6|) - (|4.9|) . The same reasoning applies to oz_ and 
its conjugate momentum Tq which can be strongly put to zero. 

The expressions ( |5.7|) and (|5.9|) identically satisfy the superembedding conditions (|2.13|) . 
Then, substituting ( |5.7|) into the twistor-like constraint ( P-12j ), we reduce it to 

^yT%A_n-_ = o. (5.io) 
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Apart from the pure spinor condition A_T— A_ = 0, which we further assume to be satisfied 
in the strong sense|] this is the only constraint which remains in the model. So, upon 
substituting the expression for A_ (|5.7| ) into the action ( |3.1| ), we have 



nf + n_ 



-m T ^J-J-H 



1. 



-n-_ D+, 9T r 



1 



+ tf+D—iPi + ip+D — ip+ + - / d 2 ip 



- 2 

(yr^r„An-_) 



(5.11) 



or a la Siegel 
Ise = 



31 

d 2 £ 



-d ++ x^D^x m + P—d ++ 9 - d__d ++ 6 + ^>\D — i)\ + tf+D-M 



(5.12) 



The action (|5.11|) , and therefore also (|5.12| ), is invariant under the n = (0, 2) superdiffeomor- 
phisms and under the following K-symmetry transformations Q2.23| ) remained upon gauge 
fixing A_ and a 



5p^ 



(<f - A^)r| I (Ar^r 2IL F)[n^/i I - (A_raz>__0)«- 

— 8Il ++m = d ++ 9T m 56 , 



(5.13) 

(5.14) 
(5.15) 



where k„ 



- Y 1 (Xk ) and jl = ({£ 



Y 1 \-)D_K a 1^=^=0 are components of the 



superfield K-symmetry parameter ( |2.23| ). 

Let us now compare ( |5.12|) with the Berkovits action 



i B = J d 2 i l -d++x^d__xrn + p—d ++ e + u^d ++ x + ^+5— v>+ + 



(5.16) 



In this action, which describes a free conformal system, A and u have conformal weights 

and 1, and ghost numbers 1 and —1, respectively, while in (|5.12|) A_, as well as its conjugate 
momentum c<j_, has conformal weight | and ghost number 0. 

Therefore, as a first step in establishing the relationship between the actions ( |5.12| ) 
and ( |5.16| ), we should change the conformal weights of A_ and u;_ and endow them with 
appropriate ghost numbers. The complexification allows one to do this via 'twisting'. Indeed, 
before the complexification the complex conjugate Grassmann coordinates 7]~ and ff must 

have the same weight fixed to be — | because of the relation Z}_D_ + = 2D 

However, after the complexification r\ and fj become independent variables, and one can 

9 In a variation of the pure spinor quantization method considered in the pure spinor constraint has 
been handled as a relaxed condition. 
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choose their weights to be respectively — \ + w and — | — w , with arbitrary w . Choosing 
Wq = \ one sees, by eqs. ( |2.2| ) and (|4.3|), that A acquires weight and u weight 1. Similarly, 
the supersymmetry ghosts 7_ and 7- ( |2.21| ) change their weights from — \ and -5 to 
and —1, respectively. As far as the change of the ghost number is concerned, to turn the 
'matter' fields u;_ and A_ into the ghost system with conformal weights (1,0) and ghost 
numbers (—1,1), one can use the ghost field 7" and make the field redefinition A = 7~A_ 

and u = ^ UJ ~- Actually, this can be done with the same result before or after the twist. 

In more precise terms the twisting procedure consists in the following. One should 
first gauge fix the n = (0, 2) superdiffeomorphisms ( |2.20|) of the action ( |5.12|) to reduce 
it to an n = (0, 2) super conformal action. To this end, we impose as gauge fixing that 
both the Beltrami parameter corresponding to the left-sector diffeomorphisms and the one 
corresponding to the right-sector superdiffeomorphisms vanish, i.e. 







0. 



(5.17) 



This gauge fixing requires the introduction of the system of superdiffeomorphism ghosts 
( ggT] ) and flggg ). 

In what follows we shall not consider the left sector diffeomorphism ghosts, whose 
treatment is assumed to follow the standard BRST procedure for the bosonic string, and will 
concentrate on the right-moving (supersymmetric) sector of the model whose quantization 
is problematic. 

The system of the right-sector n = (0, 2) superdiffeomorphism ghosts ( [2.21| ) and fl2.22|) 
consists of the fermionic ghost pairs (b, c ) of weights (2, —1) and (u, v) of weights (1,0), 
associated, respectively, with the right-sector bosonic diffeomorphisms and the U(l) R- 
symmetry, and of bosonic ghost pairs (j3, 7") and 7~) °f weights (§,— |) associated 
with the local n — (0,2) supersymmetries. The n = (0,2) ghost currents 



jgh = i{Py- Pi) , 

Ggh = —i/3(v + idc) — iy(b + idu) , 

Ggh = i(b — idu)i + i(3(v — idc) , 

Tgh = 2\i(dp)y + 0dy+(dc)b+(du)v 



(5.18) 
(5.19) 
(5.20) 
(5.21) 



should be added to the matter currents ([4.6|) - ([4.9|) which, upon the elimination of e 
a and their momenta, take the form 

l\—U)- n , 



++ 



A_ 



3 
G 
G 

T 



A_ d — q, , 
—uj- n d Az - 



-2w_(l -V)d—8, 
-d—(\-u^)+d^9^d- 



-re_ n_ 



(5.22) 
(5.23) 
(5.24) 

(5.25) 
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The currents j + j g h, G + G g h, G + G g h and T + T g h form the n = (0, 2) superconformal 
algebra of the matter + ghost system. 

The twist of the n = 2 superconformal algebra 
tensor T as follows 

T -> T' = T+ l -dj. (5.26) 

This corresponds to adding a charge at infinity and has two important consequences: 
i) the conformal weight w of any field with f?-charge q gets shifted 

w — > w' = w — -q, (5-27) 



30] consists in shifting the stress-energy 



ii) whatever the central charge was, it vanishes after the twist. 

For instance, after the twist the conformal weights of the pairs (f3, 7") and (J3, 7") 
become (1,0) and (2, —1) respectively, and the central charge of the ghost part of the n = 
(0, 2) superconformal generators, which was —6, vanishes after the twist. Because of this, 
and since the ghost sector is completely decoupled from the matter fields, we can exclude 
the superdiffeomorphim ghosts from the consideration and neglect them hereafter. This is 
the reason why the superdiffeomorphism ghosts and, in particular, the (b, c) system, are not 
present in the pure spinor formalism. 

We are thus left with the 'matter' part of the n = (0,2) superconformal system, in 
which the conformal weights get shifted from (~, |) to (1,0), i.e. (o;_, A_) — > {uo , A). 

Then, according to [|SC]| , after the twist one can reinterpret ij as the ghost number 
current with conformal weight one and zero ghost number. Thus A acquires the ghost number 

one and u> becomes a field with n g h = — l.Q As a consequence, G = Xd becomes a 

conserved current with w = 1 and n gh = 1 and can be identified with a BRST current whose 
associated BRST charge 

Q B =i\d__, (5.28) 



is nilpotent, since GG = in virtue of the pure spinor property of A. G acquires conformal 
weight 2 and ghost number —1 and is therefore interpreted as the composite antighost field 

b B = \g = yr„ - - v)d^e . (5.29) 

We have thus shown that the twisting of the n = (0,2) superconformal algebra reproduces 
the BRST current and the antighost field b B of the Berkovits pure spinor formulation |p5| . In 



10 This is essentially the same as to say that one has made the field redefinition of A and ui with the use of 
the ghost 7. 



15 



particular, the antighost b B , which is required for the construction of higher genus amplitudes, 
satisfies the Poisson bracket anticommutation relation 



{Q B ,b B (0} = 2T'(0 



(5.30) 



Though b B is not Lorentz invariant, a consequence of the non-invariance of Y and V, its 
variation under the constant Lorentz transformations A mn is BRST exact 

5b B = \{Q Bl U^_u__{l - V)T m 5Y} + ^-A mn {Q B , (YT—d — ) (YT*d—)} , (5.31) 
2 — lb 

where 5Y« = \A^(Yr®*)£ (tf§ - X-Ya). Eqs. (|5~30D and point to the fact that the 

physical amplitudes should remain Lorentz covariant despite the non-invariance of b B . 

In view of the above reasoning we identify Q B with the BRST charge of the quantized 
theory and use it to gauge fix the remaining ^-symmetries (|5.13j ) of the action ( |5.12|) . To 
this end we introduce the gauge fermion 



(5.32) 



and add to the action ( |5.12| ) the gauge fixing term 
hf = Jd 2 i{Q B ,F} 

= J d 2 ^ \~p ++m {YT—YnX^Z-) + d__V8 ++ 6 + - V)d ++ 6 + uo^d, 



(5.33) 



where we have used the BRST variations 

{Q B ,P++m} = -d ++ 9Trn\ , {Q B , cL_} = -Ar„IIr_ , 

{Q B ,u__} = d__, {Q B ,6} = \. 

The resulting action Ise + Igf is just the Lorentz covariant Berkovits action ( |5.16| ). The 
first term in ( |5.33j ) cancels the residual superembedding term of ( |5.12| ), the second and third 

terms cancel d d ++ 6 and the last one reproduces the kinetic contribution to the pure spinor 

ghost A. 

Note that in |29j the second term of (|5.33| ) has been added to the Green-Schwarz 
action 'by hand' to render it invariant under the BRST transformation generated by Q B , 
and the gauge fermion introduced therein was the JF 2 part of (|5.32|) . In the superembedding 
formulation all the required terms naturally appear in the BRST-exact gauge fixing part of 
the superstring action. 

We have thus shown that the Berkovits action is the gauge fixed action of the complex- 
ified and twisted n = (0, 2) superembedding formulation of the superstring. Therefore, since 
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the latter is classically equivalent to the Green-Schwarz formulation, we have established the 
relationship between the Green-Schwarz and the pure spinor superstring action. 

An interesting problem, which should yet be understood, is the relation between the 
Berkovits BRST charge ( |5.28| ), which appears at the stage of twisting, and a conventional 
BRST charge which one should construct when trying to quantize the superembedding action 
( |5.1 1[ ) directly. The conventional BRST charge of the model should include all the constraints 
generating the n = (0, 2) superconformal algebra ( |5.22| ) and the /^-symmetry transformations 
( |5.13 ) and has the form 



Qbrst = <f[ (7~A_)cL_ + 7G + vj + cT + c K T K + 0(3)] , (5.34) 



where the first term in ( [5.34 ) is just the Berkovits BRST charge with A = 7 A_, T K are 



/^-symmetry generators with c K being the corresponding ghosts, and 0(3) stands for cubic 
(anti)ghost terms. 

It is known that, for example, in the case of the Berkovits- Vafa embedding of a bosonic 
string into an n = 1 fermionic string, and an n = 1 fermionic string into an n = 2 fermionic 
string [[3(J , there is a similarity transformation involving the BRST charges of these theories 
[ j34| (see also |35] for higher n), namely 



e- R Q n+1 e R = Q n + Q top , (5.35) 

where Q top is the BRST charge of a topological sector of trivial cohomology. 

It would be of interest to understand whether an analogous transformation exists that 
relates the BRST charge ( |5.34| ) with the Berkovits charge ( |5.28| ). For studying this point 



it might be useful to implement the observation of McArthur [RBf that the transformation 



( |5.35| ) is related to a non-linear realization of the symmetry associated with Q n +i- 



6 Generalization to a supergravity— SYM background 



Using results of , we can generalize the above consideration to the superembedding action 
( |2.15|) which describes the heterotic string propagating in a curved background which satisfies 



the constraints of N = 1, D = 10 supergravity interacting with iV = 1, D = 10 super- Yang- 
Mills. The detailed analysis of the N — 1, D = 10 supergravity-SYM constraints relevant to 



the consideration below may be found in [37]. Upon complexification and the gauge fixing 



of the pullback of the spinor supervielbein E— (|2.4j ), which replaces D_Q and A_ of the flat 
case, we get the generalization of the component action ( |3.1|) to the curved superbackground 
in the following form 

Ise = \J d 2 i [E% + E^ + £ ++> __ + + A__)^ + + MD- + A_„)</> + 

+ ^|^p ++ a(F-r^A_#_), (6.1) 
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where now At = Ez, and E±±, Ez: and B ++i stand for the leading (77 = 77 = 0) 

components of the pullbacks of the supervielbein ( |2.4| ) and of the NS-NS two-form B^ 2 \ 

A J J_ = d Z—A^j is the pullback of the super- Yang-Mills potential. 

The variations of Az, the Lagrange multiplier p ++g , and the heterotic fermions ip+ under 
the n = (0,2) supersymmetry and ^-symmetry transformations ( |2.23| ) are now 



5X~ = 5Z—VL m ^-X~ , 



5 P++ a = {E ++ + W IJ ^ J + ) TJZ^E_ 



M 



■ P++b 5Y T b -T a X, 



5^1 = -5Z^E%A^i , 



(6.2) 

(6.3) 
(6.4) 



P . 



where = dZ—tt M ~ = d^S^ + Q—T abf ^ is a spin connection containing the differential 

of the dilaton superfield $(Z) and the SO(l,9) spin connection, W^ IJ = T^F^j and 

F IJ = (dA + A A A) 1 J is a constrained super- Yang-Mills stress tensor. 

Note that the n = (0,2) SUSY variation ( p.2| ) of Az: induces local 50(1,9) Lorentz ro- 
tations with the parameter 8Z— iljjTgh- This Lorentz transformation could be compensated 
in ( |6.1| ) by the corresponding Lorentz rotations of p++a, Ez_ and Y~. But by construction 
( |5.1|) Y~ is not Lorentz covariant, the 'anomalous' Lorentz variation of Y~ being 



5Ya = SZ^Q^J Yp - Y« nj- Yp XI) , X5Y = . 



(6.5) 



In order to cancel this variation of Yg_ the variation of the Lagrange multiplier p++a should 
acquire the last term ( |6.3|) . 

We now twist and gauge fix the model as in Section 5 with the gauge fermion 



T = p ++ ad-T*Y + u;__(l - V){E ++ + W IJ ^ J + ) + - V)T^{Q B , Y} , (6.6) 



the resulting action I SE + J d 2 £{Q B , J 7 } is the Berkovits action in the N = 1, D 
supergravity and super- Yang-Mills background |29|, |37] 

Is - I 
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d z i [E% + E__a + + + A„)^+ + ^+(5— + A__)^ 

1 



d— a (^+ + W^^i) + cj__(d ++ + + -U 1J ^ J + )X 



(6.7) 



where = is a spin connection, Ua~ = VgW U - and V„ = E^-[dM_ + flM_ + 

Am] is a target superspace covariant spinor derivative (see for details). Note that in 

(6.8) 



/3 . 



up 



( |6.7|) we used the following BRST relations 

{Qb, = A- (^- y^ - y a n fe - y^ ax 
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{Qb,P ++ «} = -(E++ + W IJ ^ J + ) r„A - ^ P++b _{Q B , Y} T b -TA , (6.9) 
{Q B ,d— } = -AT a ££_, (6.10) 

{Qb,^+} = [(d ++ + n ++ )\f, {Q B ,W IJ ^ J + } = l -\U IJ ^ J + . (6.11) 

This concludes the reconstruction of the link between the superembedding and the pure 
spinor formulation of the superstring. 



7 Conclusion 

We have obtained the pure spinor BRST charge, the antighost, and the corresponding action 
for the heterotic string introduced by Berkovits by gauge-fixing and twisting the n = (0, 2), 
d = 2 superdiffeomorphism invariant heterotic string action of the geometrical superembed- 
ding formulation. Since the superembedding is classically equivalent to the Green-Schwarz 
formulation, we have thus related , via superembedding, the Green-Schwarz and the pure 
spinor superstring action. 

As a natural generalization of these results one may wonder how to demonstrate the 
analogous relation for the type II D = 10 superstrings and the D — 11 super membrane. To 
this end one should know the n = 2 superdiffeomorphism invariant form of superembedding 
actions for these objects. By now only an n = (1,1), d = 2 worldsheet superfield action 
for a type IIB superstring |38| and an n = 1, d = 3 worldvolume superfield action for a 
supermembrane |39] (see also f40fl ) have been constructed. The n — (1, 1), d = 2 formulation 
of the type IIA superstring can be obtained from the supermembrane action by the double- 
dimensional reduction. The problem is to promote these actions to be n = (2, 2), d = 2 and 
n = 2, d = 3 supersymmetric. 

The Berkovits quantization method has given a recipe of how to compute, in a manifestly 
super-Poincare covariant manner, tree-level amplitudes of quantum superstring states. This 
is useful for the analysis of the quantum superstring theory in super- Yang-Mills and super- 
gravity backgrounds, especially with nonzero Ramond-Ramond fields, and for the derivation 
of the corresponding effective field theories. An important problem for applications of the 
pure spinor quantization method is to understand a systematic way of constructing one- and 
higher-loop amplitudes. As we have already mentioned this should involve the composite 
antighost field ( |5.29| ) and requires an additional insight into the proof of Lorentz-invariance 
of the higher-loop amplitudes. 
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